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Hybrid ab-initio/lexperimental high temperature equations of state:
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Equations of state (EoS) are a fundamental subject in high pressure/temperature (PT) research.
Ab initio calculations based on density functional theory (DFT) can provide valuable information
about a material’s EoS at PT conditions that cannot be easily accessed experimentally. However,
these calculations have systematic errors due to (1) a lack of a precise description of the exchange
correlation energy, (2) methodological limitations in the way temperature is addressed, for
instance, anharmonicity at high temperatures in quasiharmonic calculations. To address the first
issue, we have improved, developed, and tested correction schemes aiming to remove DFT errors
and to produce predictive low temperature EoS with accuracy comparable to experiments. We
have investigated four schemes and applied them to three different functionals. The second issue
has been addressed with a simple anharmonic correction that effectively removed high temperature
anharmonic errors. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4921904]

I. INTRODUCTION

Accurate equations of state (EoS) are important to
describe materials properties in several scientific domains,
from low temperature physics to astrophysics.'™ For
instance, geophysics thrives on knowledge of equations of
state of minerals and melts, and the oil/gas industry needs
accurate equations of state to perform phase-behavior calcu-
lations in hydrocarbons.* Nowadays, it is possible to measure
equations of state parameters accurately, but the pressure
and temperature range needed for many applications is still
difficult to reach experimentally. An outstanding example is
the burgeoning field of planetary modeling, which has gained
a tremendous impulse with the discovery of exoplanets.s’6
Today, ab initio calculations contribute an essential tool to
predict phase behavior and equations of state at extreme
conditions.”® The essential methods involved are based on
density functional theory (DFT)*'® and quasiharmonic
approximation (QHA)!"' combined with ab initio phonon
calculations. Molecular dynamics and thermodynamics inte-
gration also play an important role but are less practical for
solid state calculations because of limited phase space sam-
pling. There are two main problems with the DFT/QHA
approach: uncertainties associated with DFT and anharmo-
nicity. Static energies are calculated solving the one-electron
Kohn-Sham equation'® self-consistently and then using the
total charge density to obtain the total energy. However, the
absence of an exact description of exchange correlation
potential and energies produces systematic errors when
compared with experimental data. There are numerous
approximations for the exchange correlation functional, e.g.,
the popular local density approximation (LDA), the general-
ized gradient approximation (GGA), meta-functionals,
hybrid functionals, and extended functionals (DFT+U,
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DFT+vdW), and theoretical equations of state are very sen-
sitive to the choice of functional.'” The second issue con-
cerns the QHA, which works exceedingly well in its range of
validity, but, as temperature rises, anharmonic effects
become noticeable and the QHA becomes inadequate.
Resolution of both issues is likely to take time and the need
to generate practical and useful databases of equations of
state and thermodynamics and thermoelastic properties has
motivated analytical approaches to combine experimental
data and computational results."*”'> Experimental data at
low pressures and high temperatures are usually very accu-
rate, while results of calculations at high pressures are much
less dependent on the choice of exchange correlation func-
tional. Also, anharmonicity becomes less important at low
temperatures, except, obviously, in the vicinity of dynamical
instabilities.

By now, several analytical approaches to combine the
best data of both worlds, i.e., low pressure and high tempera-
ture experimental data and high pressure and high tempera-
ture ab initio results, have been proposed. Wu ez al."* used an
exponential function to correct MgO’s theoretical 300 K com-
pression curve followed by an approximate correction to
anharmonic effects. Kunc and Syassen'* observed that exper-
imental and theoretical (static GGA and/or LDA) compres-
sion curves plotted using scaled volume and pressure agree
considerably better. Based on this observation, Otero-de-la-
Roza and Luana'® developed an empirical correction to the
static energies and Zhang et al."” extended this approach to
thermoelasticity. Except for the first work (Wu et al.'?), the
limitations of DFT and QHA have not been explicitly
decoupled and addressed separately.

Here, we consider these issues and explore analytical
ways of combining experimental data and computational
results in modeling NaCl’s equation of state.'*"'> Theoretical
calculations of alkali halides in general have not been as suc-
cessful as those for other ionic compounds in the same

© 2015 AIP Publishing LLC
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structure with stronger bonds, e.g., MgO."” In the early
1980’s, the recognition that alkali elements have large cores
lead to development of the partial core correction in pseudo-
potential calculations.'® As it will be illustrated here, LDA,
GGA, and hydrid calculations'® using projector augmented
wave (PAW)?*?! potentials have not solved the problem yet,
as shown in NaF, LiCl, and LiF calculations.”>** Another
motivation for studying NaCl comes from the discovery of
huge oil/gas reservoirs below a thick layer of salt at the south-
east coast of Brazil, coast of Africa, Mexico, etc.,24’25 the so-
called pre-salt oil fields. Seismic mapping of these oil fields
and salt regions require good knowledge of its high tempera-
ture equation of state. Finally, accurate equations of state of
NaCl are important in high pressure physics, since it is a pop-
ular pressure calibrants.’*=? Improving methodologies to cal-
culate and predict high temperature equations of state is an
important step in advancing high pressure technology at con-
ditions still challenging to experiments. High pressure min-
eral physics still struggles with conflicting measurements of
pressure using different standards,” and more accurate ways
to determine pressure are still highly desirable, especially at
high temperatures.

Il. METHODS

To validate theoretical/experimental hybrid approaches
to generate reliable equations of state, we investigate the per-
formance of four types of corrections applied to 300K
results and extended to other relatively low temperatures by
correcting the common static energy first. Such corrected
DFT results are followed by a semi-empirical correction to
anharmonicity”” at higher temperatures.

A. Ab initio calculations

Ab initio calculations were performed with Quantum
ESPRESSO* and VASP*® computational packages using
three different functionals for the exchange correlation energy,
LDA,36 GGA-PBE,*” and HSE06.' Electronic wave func-
tions were described using the PAW?*?! method. The plane
wave cutoff used was 60 Ry. Brillouin zone sampling for elec-
tronic states was done on a displaced 6 x 6 x 6 k-mesh;
dynamical matrices were obtained in a I'-point centered 4 x 4
x 4 q-mesh using density functional perturbation theory® and
then interpolated in a 12 x 12 x 12 q-mesh to produce the
vibrational density of states. Thermodynamic properties were
calculated using the QHA, with the Helmholtz free energy
given by

F(V,T)=E(V) + %Z ha,; (V)

+kBTZm{1—exp[—M:TJ;V)”7 (1

qJ

where the first term is the static internal energy given by
DFT, the second is the zero point motion energy, and the last
is the contribution from thermal excitations. We used a third
order finite strain Birch—Murnaghan equation of state
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to fit results by three different functionals. In this equation, V,
Ko, and K’, are zero pressure equilibrium volume, bulk modu-
lus, and pressure derivative of bulk modulus, respectively.

As shown in Fig. 1, 300K ab initio compression curves
differ considerably from experiments. The equilibrium vol-
ume obtained with LDA is about 7% smaller than the experi-
mental one, while GGA-PBE overestimates it in about 6%,
as shown in Table I. This is a very large difference and will
produce a large error in pressure if used as a pressure cali-
brant. With the increase in pressure, the difference between
LDA and PBE predictions and experimental data decreases.
At 25 Gpa, the difference is 3.6% and 1.7% for LDA and
PBE, respectively. These differences are still large compared
to required pressure scale accuracy. Although HSE06
improves the results, the equilibrium volume still differs by
3.5% and at 25 GPa the error is about 1.0%. It is also worth
noting that the calculated and experimental K’ differ from
each other and from the standard value of 4. This is an im-
portant factor when considering corrections to DFT.

In general, the QHA gives very accurate results at low
temperatures, so that the difference between experiments
and calculations are due to DFT errors at 300K.'” This can
be verified by comparing calculated and measured thermal
expansion coefficients.'**'*? Figure 2 shows the thermal
expansivity, o, calculated with these functionals. Although
PBE and HSEOQ6 overestimate this quantity, LDA describes
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FIG. 1. (a) NaCl-B1 compression curves up to 770K for different function-
als. Solid lines with dots are experimental data from Bohler and Kennedy,*’
fitted with a third order Birch-Murnaghan equation of state. (b) 300K com-
pression curves up to 30 GPa (experimental data from Fritz et al.*).



215902-3 M. L. Marcondes and R. M. Wentzcovitch

TABLE 1. Equation of state parame}:ters for LDA, PBE, and HSE06 com-
pared to experimental data. Vjy in A’ and K, in GPa. ¢V is the error in V
compared to experiments.

Vo Ko K, Vo
LDA 4151 27.88 5.01 7.6%
PBE 4754V 19.07 4.85 6.0%
HSE06 46.42 20.49 491 3.5%
Exp. 44.85 25.82 4.37

it well up to 600 K. Therefore, we will exemplify the correc-
tive procedure for LDA results only. As will be indicated,
large differences in thermal expansivity require further elab-
oration of the corrective procedure. This is not a hindrance,
in principle, but are more laborious.

Our approach consists in correcting first the calculated
300K compression curve and then working backwards, i.e.,
subtracting vibrational effects, finding the corrected static
compression curve, and correcting static energies. Then,
starting from the latter, we compute high temperature com-
pression curves, which should be in agreement with high
temperature measurements if the DFT errors have been prop-
erly removed. In principle, if the procedure is consistent, it
should be possible to correct results obtained with any func-
tional, as long as errors do not push calculations into anhar-
monic regions, e.g., into very large volumes due to thermal
expansion.

B. Analytical correction schemes

The results presented in Figs. 1 and 2 show that some
sort of correction is essential to get accuracy comparable to
experiments. Several analytical schemes have been proposed
to correct ab initio results for DFT errors. Here, we investi-
gate four different corrections. Wu e al."? proposed a simple
correction based on the fact that, at high pressures, the EoS
is better described by the standard DFT functionals

AV = AVyexp <— [f) , (3)

¢

where AV is the difference between calculated and meas-
ured volumes at 0 GPa and P, is a parameter to be deter-
mined by comparing calculated and measured equations of

40 r r
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FIG. 2. Thermal expansivity of Bl-type NaCl. Experimental data reported
by Enck and Dommel** and Rao et al.**
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state. The P. that minimized DFT errors for NaCl is 16.9.
This correction worked very well for MgO,"® but DFT errors
for NaCl are relatively larger. Equation (3) derives from the
following assumption:

dP
—AV——=P,. 4
dAV @
Here, we generalize further this correction and introduce
a second free parameter

dpP
—AV——=P.+AP.
VdAV + (5)

The resulting expression takes then the form

AV =L7 (6)

1+2° %
P,

where AV, has the same meaning. Optimal value for P, and
Ais 12.53 and 1.152, respectively.

Another type of correction was proposed by Kunc
and Syassen.'* This scheme is based on the observation
that the second order finite strain equation of state, the
Birch—Murnaghan equation,

3K, | (Vo' (Vo\}
p(v):TO (70) —(7‘)) , 7

15 Pl
VE— — PIV) — — (8)
VO KO

produces a unique curve, if a second order finite strain
equation of state is suitable for the material in question.
In Eq. (8), f stands for LDA, GGA, etc., or experiment, Vg
and Kg are the respective zero pressure equilibrium volume
and bulk modulus. Equation (7) is usually a suitable equation
of state if the pressure range of measured volumes is small
compared to the bulk modulus or if K’ = 4. The well-known
correlation between underestimated equilibrium volume and
overestimated bulk modulus, or vice-versa, observed in vir-
tually all calculations, is therefore a consequence of Eq. (7).
This insight was useful to design an analytical correction for
calculated results. As indicated in Eq. (7),

VDF T V"X[’
P DFT ( g P exp 2
v ) _ V) ©
KODF T KSXP
Then,
VDF T 174
Pprr |~
VO P exp (V)
KOD FT = K(e)xp . (10)

This scaling motivated the Kunc and Syassen (KS)
correction;
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Vﬂﬁ KDFT
AV(P) = ﬁvm (K‘LX,,P —Vper(P). (11
0 0

Such correction based on the second order Birch—
Murnaghan equation (Eq. (7)), or third order with K’ = 4,
will not be adequate if K, , differs from Ky, which is usu-
ally the case when a third order Birch—-Murnaghan equation
of state (Eq. (2)) is necessary, i.e., when the compression
spans a pressure range comparable to the K. The KS correc-
tion can then be generalized by using relationships derived
from Eq. (2) for scaled quantities, including scaled K’, or
simply put, replacing K}, by K’exp, producing to the follow-
ing correction:

Ve KDFT
AV(P) = %v (I%W,P,K;,\,,,> —Vprr(P),  (12)
where V is calculated solving the equation of state (Eq. (2))
at scaled pressures.

These are the four types of volume corrections to 300 K
DFT results we will investigate in this paper, and we refer to
them as WW (Eq. (3)), MWW (Eq. (6)), KS, and KSr (for
Kunc & Syassen revised). However, we need corrections at
all temperatures. To achieve this, we need to start from cor-
rect static compression curves. The current corrective scheme
assumes that the error at 300K and 0K are the same, since
thermal volume expansion is about 2.5% at 300K and is well
described by calculations, in this case LDA (see Fig. 2)

VPFT(300, P) = VPIT(0, P) 4 0Vier(300,P),  (13)

VeP(300,P) = V¥ (0,P) + SV™ (300,P).  (14)

exp
Therefore,
AVprr—exp (300) = AVprr—exp (0) + AV ey or (15

where the second term on the r.h.s. above is negligible.
Thus, we start from the following corrected static volume:

AVy(P) = AVppr(0,P) — 6V, (P), (16)

where 6V,,(P) is the volume change caused by zero point
motion. The corrected static compression curve yields
AP,(V) that is then used to correct the static energy

A, = JAPW)dV- a7)

C. Anharmonicity

As indicated by Wu and Wentzcovitch,33 after correct-
ing for DFT errors, anharmonic effects*> become more evi-
dent. To improve results at very high temperatures, we use a
semi-empirical correction® to the QHA free energy. This
method is based on the assumption that the Helmholtz free
energy, Eq. (1), is still a good approximation for anharmonic
phonons with “temperature renormalization frequencies”''
given by

J. Appl. Phys. 117, 215902 (2015)

QV,T) = o(V') # w(V), (18)

where Q are T dependent frequencies at V and w are static
frequencies calculated at V’. The relation between V and V'
is given by

() o

where ¢ is an empirical parameter to be determined, by mini-
mizing the mean squared error (MSE) between the corrected
V(0,T) and high temperature experimental measurements.
This expression reflects the fact that anharmonic effects are
more prominent at high temperatures and low pressures and
decrease with increasing pressure. This relation implies that

Fa(V,T) = Fu(V',T) +[Up(V) = Uo(V')],  (20)

from which anharmonic thermodynamic properties can be
calculated.

lll. RESULTS AND ANALYSIS

Experimental and ab initio compression curves for all
functionals investigated in this paper up to 3 GPa and 770K
and to 30 GPa at 300K are shown in Fig. 1. Corresponding
equation of state parameters are given in Table I. Results
were fit with a third order Birch—-Murnaghan equation of
state, compared to experimental data from Boehler and
Kennedy® and the Hugoniot from Fritz et al.*® After apply-
ing all four corrections to these ab initio 300 K compression
curves, they are essentially indistinguishable by the eye from
the experimental ones. Figure 3 shows the mean square error
between corrected and experimental compression curves for
all cases.

It can be seen that the introduction of a second parame-
ter (MWW) increases noticeably the accuracy of the correc-
tion compared to the correction based on just one free
parameter (WW). The error in the KS correction is the larg-
est compared to the others and can be significantly reduced
using the third order Birch—-Murnaghan equation of state
with scaled K'. These corrections are then transferred to the
static energies following the procedure outlined in the previ-
ous session and the high temperature equations of state recal-
culated with the QHA. LDA results are presented in Fig. 4.

All corrections work extremely well in the pressure
range considered, validating this procedure to construct
equations of state with the accuracy of experimental data at
low temperatures. As seen in Fig. 2, the LDA thermal

0.4
o 03 Ww
< 0.2 = MWW
)
= 01+ WKS

W KSr

0+ 1 1 T
LDA PBE HSE

FIG. 3. MSE relative to the Hugoniot** for all corrections and functionals
studied in this paper. KS correction deviated at higher pressures, having a
greater error.
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FIG. 4. Corrected LDA equations of state at several temperatures compared
to Boehler and Kennedy®® data fitted to a third order Birch-Murnaghan
equation of state. (a) WW, (b) KS, (¢) MWW, (d) KSr, and (e) histogram
comparing the MSE relative to Boehler and Kennedy®’ data.

expansion starts deviating from experiments at around
550K. Beyond this temperature, the QHA starts to become
inadequate. This behavior is evident in Fig. 4, which
includes the mean squared errors for all corrections for sev-
eral temperatures. It is clear that the errors increase with tem-
perature for any of the corrections.

At this point, we add to the DFT corrected results shown
in Fig. 4, the anharmonic corrections indicated in Egs. (19)
and (20). The resulting equation of state for MWW and KSr
corrections are shown in Fig. 5, along with their mean
squared errors. As can be seen, the larger errors at high tem-
peratures are successfully removed.

The error in AV between our results and Bohler’s exper-
imental data is 0.03% at 3.1 GPa and 300K and 0.24% at
3.2 GPa and 770 K. This is a huge improvement compared to
the —8% error for LDA results at ambient conditions before
the correction. Since the experimental error from Bohler and
Kennedy data is 0.7% in V, the procedures presented in this
study were able to construct predictive equations of state
with the same accuracy as experimental data. Table I com-
pares the calculated pressures in this work with data from
Boehler and Kennedy.*

Figure 6 shows our equation of state up to ~23 GPa at
500K and 800K compared to other semi-empirical high
temperature equations. It indicates that this procedure could
be used to construct highly accurate equations of state.

In addition, it is possible to obtain corrected thermody-
namical properties with the anharmonic Helmholtz free
energy. Figure 7 shows corrected thermal expansivity, o,
Griineiser parameter, y, and constant pressure specific heat,
Cp. Although corrected and uncorrected Grineiser parame-
ters fall within the experimental error bars, the corrected one
seems to have a more correct temperature dependence. The

J. Appl. Phys. 117, 215902 (2015)

52 300K e
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FIG. 5. Calculated LDA anharmonic equation of state for (a) KSr correction
and (b) MWW correction, compared to the experimental data fro Boehler
and Kennedy.* (c) Histograms of the mean squared errors relative to
Boehler and Kennedy® data. High temperature errors were successfully
removed.

TABLE II. LDA Isochores for NaCl using MWW and anharmonic correc-
tion. Pressures are in GPa and Volumes in A®. Values in parentheses are ex-
perimental data from Boehler and Kennedy.**

V/T 300K 370K 470K 570K 670K 770K
44668  0.065 0.274 0562  0.844 1.117 1.386
0.106)  (0.308)  (0.572)  (0.838)  (1.095)  (1.349)
44538 0.137 0.444 0.733 1.012 1.285 1.458
(0.173)  (0.485)  (0.751)  (1.012)  (1.265)  (1.430)
44363 0235 0.552 0.838 1.120 1.391 1.555
(0.263)  (0.578)  (0.845)  (1.108)  (1.364)  (1.516)
44.174 0344 0737 1.025 1.305 1.576 1.662
(0378)  (0.767)  (1.039)  (1.300)  (1.555)  (1.618)
43.860  0.529 0.893 1.180 1.459 1.729 1.845
(0.562)  (0.939)  (1.202)  (1.459)  (1.714)  (1.805)
43.605  0.685 1.097 1.381 1.658 1.930 1.995
0.725)  (1.139)  (1.401)  (1.662)  (1.919)  (1.961)
43286  0.888 1.329 1.611 1.887 2.155 2.195
0.926)  (1.371)  (1.634)  (1.886)  (2.144)  (2.167)
42936 1.120 1.700 1.983 2.257 2.523 2.422
(1.174)  (1754)  (2017) (2.282)  (2.529)  (2.392)
42403 1495 1.976 2.258 2.531 2.695 2.788
(1.555)  (2.050) (2311)  (2.559) (2.708)  (2.775)
42169  1.668 2.118 2.399 2,671 2.795 2.959
(1.729)  (2.194)  (2454) (2703)  (2.810)  (2.950)
42030 1774 2256 2.537 2.808 2.937 3.058
(1.836)  (2.336)  (2.596) (2.852)  (2.950)  (3.050)
41.846 1916 2489 2.768 3.037 3.073 3.197
(1.995)  (2.563) (2.823) (3.082) (3.109)  (3.185)
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FIG. 6. Equation of state of NaCl at 500K and 800K. Blue line are the
results from this study using LDA functional. Semiempirical EoSs from
Brown,”? Dorogokupets and Dewaele (DD)?' and Matsui e al.*

specific heat is greatly improved. Uncorrected results deviate
at small temperatures and diverge at high temperatures.
These errors are nicely removed in the corrected curves. The
thermal expansion shows a small deviation, but still has a
good agreement with experiments.

IV. SUMMARY

In this paper, we test and validate a systematic proce-
dures to reconcile experimental data on equations of sate
with ab initio results, correcting the 300K compression
curve. The performance of previously proposed correction

J. Appl. Phys. 117, 215902 (2015)
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FIG. 7. Corrected LDA thermodynamical properties compared to experi-
ments. (a) Griineiser parameter. Experimental points are from Anderson and
Yamamoto.*® (b) Specific heat at constant pressure. Experimental data are
from Leadbetter and Settatree,47 Barron et al.,48 Clusius et al.,49 and
Anderson and Yamamoto.* (c) Thermal expansion, experiments from Enck
and Dommel** and Rao er al.**

schemes was compared to newly proposed ones for NaCl,
and significant improvement has been achieved with the new
schemes. We further extend this procedure to remove DFT
errors from the static energy, which is then used to provide
relatively low temperature (up to 300 K) equations of state
with experimental accuracy, i.e., <0.07 GPa in pressure. To
account for errors at higher temperatures, a simple anhar-
monic correction successfully removed errors caused by the
QHA, and extend the validity of our equation of state to tem-
peratures up to near T),,.;ine. This approach is intended to be
applicable to weakly anharmonic systems, primarily.
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